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| ntroduction

w

odel problem

Lu:=—c*u"+cu=Ff in (0,1), uw0)=u(l)=0.
0<e<l,ec>~%0nl0,1], v >0
# boundary/interiour layers
Goal: maximum-norm a posteriori error estimators
(v — un)loo < n(data, up)

of interpolation type

.
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| ntroduction

-

Renewed motivation: FEM for parabolic problems

-

up — gy +cu = f in (0,1) x (0, 7).

# general framework:
elliptic reconstruction

o Nochetto, Makridakis, Akrivis, Lakkis
s Kopteva, Linf3

°

elliptic estimators (for stationary problems)

# estimators for temporal discretisation
s Euler
» Crank-Nicolson

L s dG(r) J
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Outline

variational formulation
Green’s functions
FE-discretisation

a posteriori error analysis

© o o o 0

numerical results

. |
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Variational formulation

r

oundary value problem:
Lu:=—c*"+cu=f in (0,1), u(0)=u(l)=0
Variational formulation: Find v € V := H}(0,1) such that

a(u,v) = f(v) YVveV

with

1
'_52 U/ U/ cu.v V) .= V) .= ()
au,v) == 2, 0') + (cu,v),  f(v) = (f,0) /Of

.
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Green’sfunction

-

G :10,1] x |0,1] — with T
v(z) =a(v,G(z,-)) VveV and z € (0,1)
=" [v — u — ua]
1
o) = [ (£0)(©)5(r.6)de

Characterisation:

(£G(-8)) (z) =o(x = &) z€(0,1), G(0,§) =G(1,§) =0

(‘C*g($7 )) (g) — 5(€ - 37)7 § € (07 1)7 g($70) — g(xv 1) =0

- L L=L = G =0 |
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Green’sfunction

-

G(x,),e?=10""3
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Green’sfunction

p

ointwise bounds:

e—’7|$—€|/5

0 < G(x,§) < 3o

and

Ge(x,6) >0 for & <z,
Ge(x,8) <0 for z <.

.
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Green’sfunction

fL

1-bounds:

/O c(§)G(x,§)d§ < 1,

1
/0 Ge(x,€)| d = 2G(x,x) < %
and

1
? d¢ < 2,
2 /O Gee(,€)| de <

.
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FEM discretisation
M

esh: A:0=zp<x1 < - <zny=1,
Ji=|xi—1, 2], hi=xp — x4,

FE: piecewise II,, CY, bc's
S00(A) = {v c HY0,1) 0|y €10y, i=1,.. .,N}
Galerkin FEM: Find ua € V;, = §)(A) such that

a(uA,v): f(v) VoelV..

— quadrature is essential

.
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FEM discretisation
-

Lagrange Interpolation: sub meshon [0,1] — J;

-

0<tp<ty < --- <t < 1.
IV v e Cy0,1] — IFv € SY(A) with
Ier(:Ei—thhi) =v(z; +tjhi), +=1,...,N, 7=0,...,m
Then (w,v) = (w,v) \ = (Irw,v),

FEM with quadrature: Find ua € V, such that

an(ua,v) == 52(u/h,v’) + (cuA,v)A = (f,v)pn YveV,

. |
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FEM, aposteriori analysis

-

Error in point x € (0,1),[' := G(x, -):

(u —ua) () = alu —ua, ') = (f, 1) — alua, )
— (fa F) _ (fa LMF)A - (IL(UA,F) + CLA(UA,LMF)

Special interpolant: M : v € Cy[0,1] — IMv € V. with
My(z) =v(x;), i=0,...,N,
and

/(],,Mv—v)(f)w(f)df:() Vrel, 5 i=1.... N
J;

. |
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FEM, aposteriori analysis
E

hen

\ .

— = (f — T) — (f — ™Mr
(u—un) (@) = (f —cun, T) = (f —cun ;7 T)n
—4q = (IFq,IMT)

Error representation:

(u—un) (zy) = (q—ffq,F) — (Ifq,F — LMF)

.

@ FernUniversitat in Hagen



FEM, aposteriori analysis
E

hen

(u—un) (2) = (f —cup,T) — (f — cun, I[)'T)

\ .

=9 = (I#q,1'T)

Error representation:

(u—un) (zy) = (q—ffq,F) — (Ifq,F — LMF)

First term: interpolation error/data oscillations

—IF .
‘(q—]Lq,F) <Hq r 4 = sampling

: .
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FEM, aposteriori analysis

-

Taylor: ()
i (]L )z 1/2

(Ira)(€) = 2 ——

7=0

-

(5 — %’-1/2)j

€
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FEM, aposteriori analysis

fTaylor: ) (]L )() T
IGEDY ],’ L2 (¢ — my_y )
§=0
0 [t - 1)) ds
]L (7) r—1
= ((2:]2: 11)/2 / % (Pr,z‘(ﬁ)(ﬁ — %;—1/2)) g
7L (r—1) )
+ ( (QQ)TZ) /2 /Z %pr,i(f) dg,
pri(§) == (£ — ;)" (& —xi—1)" J

€
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FEM, aposteriori analysis
=

Constants
dr—l ) .
= e [ (€€ 7)
dr—l
Br = x| Te (é‘r(ﬁ —1)"(§ — 1/2))|
Then,
dr—l
1 (Pri(€)(§ — i1 2) < Bihit?
‘ d.f 1( 1/2 ) o
dé:r—l r,t o — 1Y
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FEM, aposteriori analysis

fConstants T
oy 67“
_ 1 V3
T = 1 1 %
_ V3 1
T = 2 9 16
B 3 (3v/30+9)1/525-70v/3
r=3J 3 2450
(12v/30+36)1/525—70/3 3
r=4 1225 8
r=>5 L ~ 1.434081520

. |
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FEM, aposteriori analysis
(r) T

(140); o (IFa) Dyt ity = 0 (@ims + tehi), te = €fr
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FEM, aposteriori analysis

- N

heorem 1.
lu—ual| < Hq _fq
-
,
AN h; ((;f)! Diai+ D
" (2720:&1)! DL = DNy ) }

. |
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FEM, aposteriori analysis

- N

heorem 1.
lu— uall < Hq _C]{Jq
-
,
AN h; ((;T)! D~ ai+ D
i (231&1)! |Dr+_1qz' - D ) }

Remark: If cand f smooth, then

lim | D" Yq, — D" 1g,
L ol Tt q; _ g

@ FernUniversitat in Hagen
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FEM, aposteriori analysis

- N

heorem 1.

0. @)

thl o
4+ max A« 7’2 4
i=1,.,N| ¢ (2r)!

\
27“67~ r—1 r—1
+(27~+1)!|D+ 4 — P-4

D' 'g; 4+ D' g,

Remark: ¢=&u{ :>Dfr_1q, D lg= 2Dty

Interpolation:

\— H“_ [rLuHJi < Oh;“HU(TH)HJi J
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FEM, aposteriori analysis

- N

heorem 1.

q— Itq
C

= uall < H

0. @)

thl o
4+ max A« 7’2 4
i=1,.,N | ¢ (2r)!

\
27“67~ r—1 r—1
+(27~+1)!|D+ 4 — P-4

D' 'g; 4+ D' g,

Remark: On a badly adapted mesh: n ~ 72,

)}
but [lu — uallee < C
| -
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FEM, aposteriori analysis

-

alternative estimate: trade h; for ¢!

. dr—l
(]qu)fg_)yz / F( ri(§)(§ — %;—1/2)) ag

=—(Irq )E )1/2/ j;, (Prz(f)(f—%—l/z)) dg,

r dr—1
(]L )5 1};/ Fpr,i(g) dg§

r— d"
— _(I£Q)§_1}; /J d—g,,,pr,i(f) dg§

. |
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FEM, aposteriori analysis

-

Theorem 1’.
_JL
Ju—ually < Hq -4 |
C 0
2 r+1 1| = r—1 r—1
gy e B (] D+ D7
T o & 167“ D:_ 1% Di_l%'

with

~ [ 2¢ 7 3 N
Qi 1= min , , = min ,
' g2 7 hie g g2 ' 2hey
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Numerical results

-

—e%u"(x) + (1 + 2% + cosz) u(z) = e %, u(0) =wu(l) =0.

.
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-

1
—€2u

Bakhvalov mesh, r = 5, ¢ = 1078;

Numerical results

() + (14 2° + cosz) u(z) = e, u(0) =u(l1) =0.

N | |[lu—ualle rate nr nD n eff

28 | 2.753e-12 5.99 | 8.512e-19 1.104e-11 | 1.104e-11 4.012
29 | 4.344e-14 5.99 | 1.331e-20 8.824e-14 | 8.824e-14 2.031
2101 6.820e-16 6.00 | 2.081e-22 1.375e-15 | 1.375e-15 2.015
211 | 1.068e-17 6.00 | 3.252e-24 2.144e-17 | 2.144e-17 2.007
212 1 1.671e-19 6.00 | 5.082e-26 3.348e-19 | 3.348e-19 2.003
213 | 2.613e-21 6.00 | 7.941e-28 5.229e-21 | 5.229e-21 2.001
214 1 4.084e-23 6.00 | 1.241e-29 8.169e-23 | 8.169e-23 2.001
215 | 6.382e-25 6.00 | 1.939e-31 1.276e-24 | 1.276e-24 2.000
2161 9.972e-27 — | 3.029e-33 1.994e-26 | 1.994e-26 2.000

.
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Numerical results

-

—e%u"(x) + (1 + 2% + cosz) u(z) = e %, u(0) =wu(l) =0.

Bakhvalov mesh, » = 10, e = 10~8:

N | |[lu—ualle rate nr nD n eff

2% | 1.566e-21 10.96 | 2.918e-28 1.493e-20 | 1.493e-20 9.538
29 | 7.840e-25 10.98 | 1.462e-31 7.469e-24 | 7.469e-24 9.527
210 | 3.877e-28 10.99 | 7.228e-35 3.691e-27 | 3.691e-27 9.522
211 1 1.905e-31 11.00 | 3.552e-38 1.813e-30 | 1.813e-30 9.520
212 1 9.330e-35 11.00 | 1.740e-41 8.881e-34 | 8.881e-34 9.518
213 | 4,563e-38 11.00 | 8.509e-45 4.343e-37 | 4.343e-37 9.518
214 1 2.230e-41 11.00 | 4.158e-48 2.122e-40 | 2.122e-40 9.517
215 1 1.089e-44 11.00 | 2.031e-51 1.037e-43 | 1.037e-43 9.517
216 | 5319e-48 — | 9.920e-55 5.062e-47 | 5.062e-47 9.517

.
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-

_€2u//

.

Numerical results

(2) + (14 2% + cosz) u(z) = 2% + e, u(0)
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—EUu

Numerical results

() + (1 + 22 + cosx) u(x) =

Bakhvalov mesh, r = 7, ¢ = 1078;

N | |[lu—ualle rate nr nD n eff

2% | 2.943e-07 1.52 | 2.943e-07 6.343e-06 | 6.637e-06 22.548
29 | 1.028e-07 1.53 | 1.028e-07 2.115e-06 | 2.218e-06 21.569
210 | 3.555e-08 1.56 | 3.555e-08 6.881e-07 | 7.236e-07 20.357
211 1 1.205e-08 1.61 | 1.205e-08 2.160e-07 | 2.280e-07 18.920
212 1 3.949e-09 1.69 | 3.949e-09 6.438e-08 | 6.833e-08 17.304
213 | 1.220e-09 1.84 | 1.220e-09 1.780e-08 | 1.902e-08 15.594
214 1 3.418e-10 2.06 | 3.418e-10 4.411e-09 | 4.752e-09 13.903
215 1 8.203e-11 2.40 | 8.203e-11 9.300e-10 | 1.012e-09 12.338
216 | 1555e-11 — | 1.555e-11 1.549e-10 | 1.704e-10 10.959

.
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-

Numerical results

—2u" (@) + (1 + 2% + cos ) u(z) = 23/ + 7, w(0) = u(1) = 0.
Adaptive algorithm, » = 7, e = 1075:
N | |lu—ualw  rate nr D n eff | K
28 | 9.130e-16 5.91 | 1.467e-16 4.606e-15 | 4.753e-15 5.2 | 16
29 1.522e-17 11.41 | 4.000e-18 1.076e-16 | 1.116e-16 7.3 7
210 | 5587e-21 8.77 | 1.031e-19 2.827e-20 | 1.314e-19 235 8
21l 1 1.279e-23  8.05 | 2.273e-21 5.604e-23 | 2.329e-21 182.2 8
212 1 4.816e-26 4.98 | 1.769e-23 6.188e-25 | 1.831e-23 380.1 9
213 1 1.528e-27 10.60 | 8.918e-27 9.763e-27 | 1.868e-26 12.2 | 12
214 1 9.817e-31 7.03 | 1.398e-28 9.326e-30 | 1.491e-28 151.9 | 11
215 1 7.537e-33  9.43 | 1.230e-30 1.178e-31 | 1.347e-30 178.8 | 11
216 1 1.094e-35 — | 3.463e-33 7.680e-35 | 3.540e-33 323.5 | 12

8.27 7.32 8.21 7.53

o
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Outlook
-

# reaction-diffusion in 1D,
theoretical results & numerical experiments ©

°

adaptivity, mesh equidistribution (preliminary results)
# reaction-convection-diffusion

—eu +vb +cu=f

(SD)FEM ©
# time-dependent problems

s theory: © (with Natalia Kopteva)
» numerical validation: in progress

. |
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